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Abstract

In gameswith strictstrategic complementarities,properlymixedNashequilibria—
equilibria that arenot in purestrategies—areunstablefor a broadclassof learning
dynamics.
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Figure1: Battleof theSexes

1 Intr oduction

Many economicsettingscanbe modeledasgamesof strict strategic complementarities.

Herewe show that for suchgames,properly-mixedNashequilibria (i.e., Nashequilibria

thatarenot in purestrategies,referredto asPMNE hereafter)areunstableundera broad

classof learningprocesses,andsoarenot likely to begoodpredictionsof play.

We shallgive a flavor of our resultsusingthe“Battle of theSexes” gamein Figure1.

Players1 and2 eachsimultaneouslychooseanelementfrom � O � B � . Payoffs arespecified

in thebimatrix to theleft. Let pi betheprobabilitywith whichplayeri selectsO. Thebest

responsesareshown in Figure1 ontheright. When2 playsO with probabilitysmallerthan

2
�
3, 1 setsp1 � 0; when p2 equals2

�
3 player1 is indifferentbetweenO andB, so any

choiceof p1 is a bestresponse;when2 setsp2 larger than2
�
3, 1 will optimally respond

by choosingp1 � 1. TherearethreeNashequilibriaof this game,indicatedby the three

pointswherethebest-responsefunctionsintersect:They are � 0 � 0����� 1� 3 � 2� 3� and � 1 � 1� .
Battleof theSexesis a gameof strict strategic complementarities.To checkfor com-

plementaritieswe needanorderon players’strategies:saythatO is “larger” thanB. Then

theplayers’bestresponsesaremonotoneincreasing.For example,if 1 increasesherstrat-

egy from B to O then2 increasesherbestresponsefrom B to O. Thatbest-responsesare

increasingis only necessaryfor thegameto havestrict strategic complementarities,but for

now it will suffice.

Supposethat our predictionof play for Battle of the Sexes is the PMNE � p1 � p2 � �� 1� 3 � 2� 3� ; but supposethat the players’beliefsabouttheir opponent’s play areslightly

wrong. In particular, suppose1 believes2 will selectthelargeraction(O) with probability
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2
�
3 	 ε and that 2 believes1 will selectthe larger action with probability 1

�
3 	 ε. By

choosingε 
 0 smallenough,theseperturbedbeliefsarearbitrarilycloseto theequilibrium

beliefs. Now, ascan be seenfrom the best-responsefunctionsin Figure1, given these

beliefsbothplayerswill selectO with probability1.

We shall now arguethat, if theplayersrepeatedlyplay Battleof theSexes,eachtime

best-responding(myopically) to their beliefs,they will move away from our original pre-

diction. Both playersobserved their opponentchoosingO, so they might infer that they

wereright in giving O largerweightthanwhat � 1� 3 � 2� 3� does.They might “update”their

beliefsandgive thelargeraction,O, moreweightafterobservinglargerplay (we will say

thatbeliefsaremonotoneif they behave in this way). Supposethat thegameis repeated.

Giventhesenew beliefs,with O receiving yet higherweight,play will still be � O � O� . It is

easyto seethat repeatedplay of Battle of theSexeswill thenalwaysreinforcethe initial

deviation from theNashequilibriumbeliefs � 1� 3 � 2� 3� —so � 1� 3 � 2� 3� is unstable.

Note that thereis nothingnon-genericor knife-edgeaboutthe perturbationswe con-

sider, it is plausiblethatplayerswould endup with perturbedbeliefslike thoseabove. As

playersstartmyopicallyplayingthePMNE,they will play � O � O� with probability2
�
9,and

any finite sequenceof � O � O� playhaspositiveprobability. It is plausiblethat,afterobserv-

ing several roundsof � O � O� , playerschangetheir beliefs in the directionof giving “my

opponentplaysO” largerprobability. Ourpoint is thatdeviationslike thesewill, underour

assumptions,not becorrectedby subsequentplay. Fudenberg andKreps(1993)show that,

underappropriateassumptionson learningdynamics,play in the long run can resemblea

PMNE. They show thatany equilibrium is a steadystateof their learningdynamics.Our

point is thatPMNE arerepellingsteadystates,andthereforemaynotbegoodpredictions.

Gameswith strict strategic complementaritiesarecommonin economics,andwe be-

lievethatourresultsareusefulfor economists.Forexample,considertheBertrandoligopoly

modelwith differentiatedproducts(Tirole 1988,p. 280): Purestrategiesin this modelare

easyto analyzebothusingcalculustechniques(asin Tirole), or lattice-theoretictechniques

(Milgrom and Roberts1990). Mixed strategies are difficult to analyzein the Bertrand

model,soour paperprovidesa justificationfor focusingon pure-strategy equilibria. The

problemin Bertrandoligopoly is quitecommonin othercontextsaswell. Thetextbooksby

Topkis(1998)andVives(1999)containmany economicexamplesof gameswith strategic

complementarities.Complementaritiesprovide toolsfor working with pure-strategy equi-
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libria (seeTopkis (1998)andVives(1999)for anoverview of thesetools),but not mixed

strategy equilibria(Echenique2000).In addition,economistswantto takederivatives,and

find first-orderconditions,which requiresthemto ignoremixed-strategy equilibria.

TheliteratureonlearningPMNEhasmostlystudiedrestrictivesubclassesof games.We

believethatoursarethefirst resultsfor aclassof gamesthatis widely usedby economists.

HofbauerandHopkins(2001) is the paperclosestto ours. HofbauerandHopkinsstudy

the stability of PMNE in two-playerfinite gamesof identical interests. Fudenberg and

Kreps(1993),BenaimandHirsch (1999),Kaniovski andYoung(1995)andEllison and

Fudenberg (2000)focusmostlyon2X2 and3X3 games.

The paperis organizedas follows. In Section2 we give somebasicdefinitions. In

Section3 we describethe learningmodel that we will use. Section4 containsthe main

result, andgivessomeintuition for its proof. In Section5 we considerpurified mixed-

strategy equilibria. In Section6 we justify theassumptionof weaklymonotonebeliefs.In

Section7 weproveTheorems1 and2.

2 Preliminaries

2.1 Lattice-theoretic definitions

The definitions in this subsection,and the applicationof lattice theory to gametheory

andeconomics,is discussedat lengthin Topkis (1998)andVives(1999). A setX with a

transitive, reflexive,antisymmetricbinaryrelation � is a lattice if wheneverx � y � X, both

x  y � inf � x � y � andx � y � sup� x � y � exist in X. It is completeif for everynonemptysubset

A of X, inf A � supA exist in X. Notethatany finite latticeis complete.A nonemptysubsetA

of X is asublatticeif for all x � y � A, x  X y� x � X y � A, wherex  X y andx � X y areobtained

takingtheinfimumandsupremumaselementsof X (asopposedto usingtherelativeorder

onA). A nonemptysubsetA � X is subcompleteif B � A, B �� /0 impliesinfX B � supX B � A,

againtaking inf andsupof B asa subsetof X. Theorder-interval topologyon a lattice is

thetopologyobtainedby takingtheclosedorderintervalsasasub-basisof theclosedsets.

In Euclideanspacestheorder-interval topologycoincideswith theusualtopology. A lattice

is completeif andonly if it is compactin its order-interval topology.

Let X bea latticeandT a partially orderedset; f : X � R is supermodularif, for all
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x � y � X f � x��	 f � y��� f � x  y��	 f � x � y� ; f : X � T � R hasincreasingdifferencesin � x � t �
if, wheneverx � x��� t � t � , f � x��� t ��� f � x � t ��� f � x��� t ����� f � x � t ��� ; f : X � T � R hasstrictly

increasingdifferencesin � x � t � if x � x��� t � t � , then f � x��� t ��� f � x � t � � f � x��� t ����� f � x � t ��� .
2.2 Probability measuresand first-order stochasticdominance

Let X be a lattice endowed with a topologyfiner than its order-interval topology. 1 Let! � X � denotethesetof (Borel) probabilitymeasuresoverX. A subsetA � X is increasing

if, for all x � A, y � X andx � y imply y � A. For example,if X � R, and R hasthe

usualorder, A is increasingif andonly if it is anopenor closedhalf-interval, i.e. eitherof

theform " x � ∞ � or � x � ∞ � . For µ � ν � ! � X � , µ is smallerthanν in thefirst-order stochastic

dominanceorder (denotedµ � st ν) if, for all increasingsetsA � X, µ � A��� ν � A� .
Let X bea completelattice. Thesupportof µ � ! � X � is the intersectionof all closed

probability-oneevents;it is denotedsupp � µ� . 2 For any x � X, thesingleton � x � is mea-

surable,asit is a closedorderinterval, andthusclosedin theorder-interval topology. Let

δx � ! � X � denotethe degenerateprobability measurethat givesprobability oneto x. A

probabilitymeasureµ � ! � X � is properlymixed if supp � µ� is notasingleton.

Remarks:

1. If µ � ! � X � is properlymixed thenthereis no x � X with full measureasa subset

of X, i.e. thereis no x � X suchthat µ �#� x �$� � 1. To seethis, let � x � be of full

measure,thensupp � µ�%�&� x � because� x � is closed. Sincesupp � µ� is nonempty,

supp � µ� � � x � , andµ is notproperlymixed.

2. If
! � X � is orderedby first-orderstochasticdominance,closedorder-intervals are

weaklyclosed.That is, for any µ � µ� � ! � X � , " µ � µ�(' is weaklyclosed.Let ) be the

collectionof all increasingsubsetsof X. Then,theorder-interval " µ� µ�(' is:" µ � ν ' � * �+� p � ! � X � : µ � E �,� p � E �-� * � p � ! � X � : p � E �,� µ� � E �-�.�0/1
E 24365

1To checkthat a topologyτ is finer thanthe order-interval topologyit is sufficient to prove that closed
intervalsareclosedunderτ—the order-interval topologyis the coarsesttopologyfor which orderintervals
areclosed. For example,if 798 X : is orderedby first-orderstochasticdominanceit is easyto show that its
order-interval topologyis coarserthanits weaktopology, seeRemark2 below.

2Definedin thisway, everymeasurehasanon-emptysupport,in contrastwith otherdefinitionsof support,
seee.g.Royden(1988).
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But for all x, � p � ! � X � : µ � E �,� p � E �-� and � p � ! � X � : p � E �,� µ��� E �-� areweakly

closedsets(Aliprantis andBorder(1999)Theorem14.6). Then,order-intervalsare

weaklyclosed.

2.3 Complementarities,strategiesand beliefs

A gamein normal form is describedby � N �;�<� Si � ui � : i � N �$� , whereN is a finite setof

players,andeachplayer i � N is endowedwith a strategy spaceSi anda payoff function

ui : S � � i 2 NSi � R. Let n bethenumberof playersin N.

Definition 1 A normal-formgameΓ � � N �=�<� Si � ui � : i � N �$� is a gameof strategiccom-

plementarities(GSC)if, for all i � N,

1. Si is a completelattice;

2. ui is bounded,si >� ui � si � s? i � is supermodularfor all s? i � S? i, � si � s? i � >� ui � si � s? i �
hasincreasingdifferences,and

3. si >� ui � si � s? i � is uppersemicontinuousfor all s? i � S? i.

Γ is a gameof strict strategiccomplementarities(GSSC)if it is a GSCand,in addition,� si � s? i � >� ui � si � s? i � hasstrictly increasingdifferences.

Themixedextensionof agameΓ � � N �=�<� Si � ui � : i � N �@� is thegame� N �A�<� ! � Si ��� Ui � : i � N �$� ,
whereeachplayeri is allowedto chooseany mixedstrategy σi � ! � Si � , andwhereamixed-

strategy profile σ � � σ1 �=/B/B/ σn � givesplayeri thepayoff Ui � σ � �DC Sui � s� d � i 2 N σi � si � . We

shallidentify avectorof probabilitymeasuresσ � � σ1 �B/B/B/ σn ���E� n
i F 1
! � Si � with thecorre-

spondingproductmeasurein
! � S� . So,for example,Ui � σ � �GC Sui � s� dσ � s� .

Playeri’s beliefsaboutheropponents’play is representedby a probabilitydistribution

µi � ! � S? i � . Belief spaceis thenΨ � � i 2 N
! � S? i � . A mixed-strategy Nashequilibrium

σ H � � σ H1 �B/B/B/ σ Hn � is a situationwhere i choosesthe strategy σ Hi optimally given that her

beliefsaboutopponents’play is “right”, that is i’s belief is σ H ? i � ! � S? i � . So thereis a

natural“copy” of σ H in belief space,thevector � σ H ? 1 � σ H ? 2 �=/B/B/ σ H ? n ��� Ψ. Moregenerally, to

eachmixedstrategy profile σ � � σ1 �B/B/B/ σn �I�J� n
i F 1
! � Si � , therecorrespondsbeliefsσ ? i �
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! � S? i � for playeri. Weshalldenoteby ψ : � n
i F 1
! � Si �6� Ψ themapfrom strategy profiles

to beliefs:ψiσ K σ ? i , andψσ KL� ψiσ � i 2 N � � σ ? 1 � σ ? 2 �B/B/B/ σ ? n � .
Thesetof playeri’spossiblebeliefs

! � S? i � is endowedwith theweaktopologyandthe

first-orderstochasticdominanceorder. Belief space,Ψ � � i 2 N
! � S? i � is endowedwith the

producttopologyandtheproductorder.

3 Learning Model

Learningtakesplacethroughrepeatedplay of a stagegame,Γ � � N �=�M� Si � ui � : i � N �$� . In

eachstage,player i observes (privately) a signal ωi � Ωi, given someprobability space� Ωi �+N i � pi � . Thesesignalsare not payoff-relevant; player i usesthem as randomization

mechanisms,making her choiceof a pure strategy conditionalon the realizationof the

signal. If � Ωi �+N i � pi � is rich enoughthis doesnot restrictherchoiceof randomizationover

purestrategies.Thesetof all signalprofilesis Ω � � i 2 NΩi.

At eachstage,apure-strategyprofiles � Sresultsfrom theplayers’choices.Historiesof

play � s1 �B/B/B/ st � aredenotedht . Thesetof all historiesof lengtht is Ht � St andH �PO ∞
t F 0Ht

is thesetof all historiesof finite length,includingH0 � � /0 � , the“null history.”

Eachplayeri choosesa repeated-gamestrategy ξi : Ωi � H � Si, andis endowedwith

repeated-gamebeliefsµi : H � ! � S? i � . Theinterpretationis that,ateachtimet andhistory

ht , µi � ht �Q� ! � S? i � representsi’s assessmentof her opponents’play in staget 	 1 of the

game.Giventhis assessment,andtherealizationof ω, shechoosesa stage-gamestrategy

ξi � ω � ht ��� Si . Notethatweallow playeri to believethatheropponents’playis correlated—

correlatedbeliefsarisenaturallyevenif playersmix independently, seee.g.Fudenberg and

Kreps(1993).

Let ξ � � ξi � i 2 N beacollectionof strategiesfor all playersandµ � � µi � i 2 N beacollection

of beliefs.Thepair � ξ � µ� is asystemof behaviorandbeliefs. Notethatξ : Ω � H � Sand

µ : H � Ψ.

Playeri’sbest-responsecorrespondenceβi :
! � S? i �6R Si is definedby

βi � νi � � argmax̃si 2 Si

S
ST i

ui � s̃i � s? i � dνi � s? i �-/
So,βi � νi � is thesetof bestresponsesto beliefsνi � ! � S? i � aboutopponents’play. Theset
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of bestresponsesto strategy s? i is thenβi � δsT i � . Theplayers’joint best-responsecorresp-

ondenceis β : Ψ R S, definedasβ � ν � � � βi � νi �B� i 2 N.

Definition 2 A systemof behaviorandbeliefs � ξ � µ� is myopicif for all i � N, ht � H and

ωi � Ωi,

ξi � ωi � ht ��� βi � µi � ht �B� � argmax̃si 2 Si

S
ST i

ui � s̃i � s? i � µi � ht �U� ds? i ��/
The assumptionof myopic behavior is very commonin the literatureon learningin

games.It is restrictivebecauseit impliesthatplayersdo not attemptto manipulatethefu-

turebehavior of their opponents—they simply maximizecurrentpayoffs basedon current

beliefs.Myopic behavior is usuallyjustifiedby assumingthat,in eachperiodof time,play-

ersareselectedat randomfrom a largepopulationto play thestagegame,sothelikelihood

that two particularplayerswill meetmorethanonceto play thestagegameis negligible

(seechapter1 of Fudenberg andLevine (1998)for adiscussion).

Our resultson learningwill rely on animportantassumption:if a playerhasa certain

predictionabouther opponents’play, and then observesplay that is weakly larger than

any strategy sheattachedapositiveprobabilityto, thenshewill “update”herbeliefsabout

opponents’behavior andpredictweakly larger play. This requirementon beliefswe call

weakmonotonicity. To beprecise:

Definition 3 Beliefsµ areweaklymonotoneif, for all i � N, andht � H,V
sup W suppµi � ht �+X%� sτ? i for τ � t 	 1 �B/B/B/ T Y%Z � µi � ht �,� st µi � hT �B��/

WherehT is anyhistorythatcoincideswith ht in periodsτ � 0 �B/B/B/ t andwherei’ sopponents

playsτ? i in periodsτ � t 	 1 �B/B/B/ T.

Theideabehindthisdefinitionis that,if µi � ht � givesi’sbeliefsat time t 	 1 andhistory

ht , andif playat timest 	 1 � t 	 2 �=/B/B/ T is weaklylargerthanany play i believedpossibleat

time t, theni will haveweaklylargerbeliefsat timeT.

Weakmonotonicityis theonly conditionwe needon beliefs,andit is rathermild. Be-

liefs in Cournotbest-responsedynamicssatisfyweakmonotonicity. We show in Section6

thatfictitious-playbeliefs,andbeliefsupdatedby Bayes’rule, satisfyweakmonotonicity

(seeFudenberg andLevine (1998) for definitionsanddiscussionof theselearningmod-

els).As a simplejustificationfor weaklymonotonebeliefs,notethat,if beliefsareweakly
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monotonethenplay will, underour assumptions,be monotone,so beliefsare“right” in

beingweaklymonotone.Monotonicityis then,in asense,self enforcing.

We have usedthe qualifier “weak” to differentiateour condition from the stronger

requirementthat any larger play producelarger beliefs (e.g. in HopenhaynandPrescott

(1992)andEchenique(2000)).Thestrongerconditiondoesnot arisenaturallyin standard

learningmodels.

4 Instability of Mixed Equilibria

We now prove that, at any PMNE σ of a GSSC,therearearbitrarily small perturbations

that setoff learningdynamicsso that strategiesarealwaysoutsideof a neighborhoodof

σ. Oursis an instability result: thesesmallperturbationsfrom σ arenever “corrected”by

subsequentdynamics.Theperturbationtakestheform of slightly wrongbeliefs.3 Weshall

first givea heuristicargumentfor why theinstabilityobtains.

4.1 Intuition for the instability result

Let �+� 1 � 2 �[�;�M� Si � ui � : i � 1 � 2 �.� be a two-playerGSSC.If eachstrategy spaceis a subset

of R, we can representthe joint strategy spacesin R2—seethe drawing on the left in

Figure2. Let σ beamixed-strategyequilibriumwherebothplayersselectaproperlymixed

strategy. Thesetof pure-strategy bestresponsesto σ, β � ψσ � , is a subcompletesublattice

(Topkis1998),for exampletherectanglein Figure2. Thesupportof σ mustlie in β � ψσ � ,
andlikewisesupβ � ψσ �,� β � ψσ � .

Letsperturbbeliefsin thedirectionof the largestelementin β � ψσ � . Considerbeliefs

µ0 � � 1 � ε � ψσ 	 εψδsupβ \ ψσ ] . With beliefsµ0, playeri mixesequilibriumbeliefsψiσ with

degeneratebeliefsthat i’s opponentwill play their largestbestresponsesto their equilib-

rium beliefs.Thiswastheperturbationweusedin “Battle of theSexes”in theIntroduction.

Observe that ψσ � st µ0, and that, by choosingε 
 0 small enough,µ0 canbe taken

arbitrarily closeto ψσ. The supportof µ0 lies in β � ψσ � , which is crucial for our results.

We representthe situationin Figure2. On the left is the strategy space,whereany best
3As analternative,we couldperturbbehavior. It seemsthat,of thetwo equilibriumassumptions,thatbe-

havior is rationalgivenbeliefsandthatbeliefsare“correct”, it is thesecondthatmostof thenon-equilibrium
literatureseeksto weaken. In any case,we obtainthesameresultsif weperturbbehavior insteadof beliefs.
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Figure2: Unstablemixedequilibrium

responseto µ0 mustlie to thenorth-eastof supβ � ψσ � . On theright is belief space,Ψ—we

representΨ asasubsetof theplane,which is inaccurateandjustameansof visualizingthe

ideasbehindour results.

Considerany learningdynamicsthat startsoff at the perturbedbeliefs µ0. Because

complementaritiesarestrict, any bestresponseto perturbedbeliefsµ0 is (weakly) larger

thanany bestresponseto ψσ. In particular, then,play is weakly larger thanany element

in thesupportof µ0. Then,if beliefsaremonotone,“updated”beliefs,afterobservingfirst-

periodplay, areweakly larger thanµ0. Now theargumentfollows by induction: if play in

all periods1 � 2 �B/B/=/ t � 1 is largerthansupβ � ψσ � , thenperiodt beliefsmustbeweaklylarger

thanµ0, andperiodt play mustbeweaklylarger thansupβ � ψσ � . So,µt � µ � ht � is always

to thenorth-eastof µ0, andthereforebeliefsneverapproachψσ.

If theperturbationµ0 � � 1 � ε � ψσ 	 εψδsupβ \ ψσ ] seemsarbitrary, notethatany beliefs

in theinterval W µ0 � ψδsupβ \ ψσ ] X wouldwork.

Thecrucialcomponentsof our argumentarethen:

1. Becauseσ is properlymixed, thereis a wedgein purestrategies,so thereareper-

turbedbeliefsµ0 thatarelargerthanψσ, while still having supportin β � ψσ � . These

perturbedbeliefscanbetakenarbitrarily closeto ψσ.

2. Strict complementaritiesbetweenplayers’ choicesprovokesan “overshooting”re-
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sponseto largerbeliefs,sothatany bestresponseto µ0 is largerthansupβ � ψσ � .
3. By monotonebeliefs,theinitial deviation towardlargerplay is reinforced.But note

that themonotonicityusedis weak;sinceplay is weakly larger thanany elementin

thesupportof µ0, beliefsin eachmomentt mustbeweaklylargerthanµ0.

4.2 Main result

Herewe formalizetheheuristicargumentjust given,but wedefertheproof to section7.

Definition 4 Let � N �M� Si � ui � : i � N �$� bea game. A mixed-strategyprofile σ is unstableif,

for everyweakneighborhoodV of ψσ in Ψ, there is µ�<� V such thatanymyopicsystemof

behaviorandbeliefs � µ� ξ � with weaklymonotonebeliefsandµ0 � µ� , remainsoutsideof

a neighborhoodof ψσ. That is, there is a neighborhoodW of ψσ such that, for all t o 1,

µ � ht � �� W.

Thatσ is unstablemeansthat therearearbitrarily closeperturbedbeliefsµ0 suchthat,

if learningstartsat theseperturbedbeliefs,thenbeliefsneverapproachσ. Thedefinitionof

unstableequilibriumis anadaptationto thepresentcontext, of thedefinitionof asymptotic

instability usedin thedynamicalsystemsliterature(HirschandSmale1974).

Theorem 1 Let Γ bea GSSC,andσ bea NashEquilibriumof themixedextensionof Γ. If

at leasttwoplayers’ strategiesin σ areproperlymixed,thenσ is unstable.

Proof: Seesection7.

Remarks:

1. Thesetof perturbationsthatgive usinstability is not small, it containsa non-empty

openinterval. If theSi arefinite, for any openneighborhoodV of ψσ, � µ � ξ � starting

at µ0 � V * � ψσ � ψδsupβ \ ψσ ] � doesnotaproachψσ. 4

4In non-finitegames,thesameis truefor µ0 p V qIr ε s�j 0 t 1k 8 µ 8 ε :#u ψδsupβ j ψσ k : , whereµ 8 ε : l 8 1 m ε : ψσ n
εψδsupβ j ψσ k .
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2. In finite games,for genericpayoffs, therearenoPMNEwhereonly oneplayerselects

a properlymixedstrategy (becausebestresponsesto purestrategiesaregenerically

unique). In many non-finitegames,it is not hard to rule out that only oneplayer

selectsa properlymixedstrategy.

Theorem1 hasa simpleconsequencefor 2X2 games.For genericpayoffs, 2X2 games

eitherhave a uniqueNashequilibrium,or two pureequilibriaandonePMNE. In this last

case,it is easyto orderstrategiessothatthegameis aGSSC.Then,weget

Corollary 1 For genericpayoffs,PMNEin 2X2gamesareeitheruniqueor unstable.

Generically, then,a 2X2 gameis eitherisomorphicto MatchingPenniesor its mixed

equilibrium is unstable.5 For 2X2 games,Fudenberg andKreps(1993)show that,when

thePMNEis theuniqueequilibrium,it is globallystable.Thispapercompletesthepicture

for all other2X2 games.

5 Purified Mixed Equilibria

A textbookcriticism of PMNE goeslike this (seee.g.OsborneandRubinstein(1994)): In

a PMNE, eachplayer i is requiredto randomizein exactly the way that leavesthe other

playersindifferentbetweentheelementsin thesupportof their equilibriumstrategies.But

i hasno reasonto randomizein this way, preciselybecausei too is indifferentbetweenthe

elementsin the supportof her equilibrium strategies. The standardresponseto this crit-

icism is Harsanyi’ s PurificationTheorem—ifwe introducea small amountof incomplete

information,thenpure-strategy equilibriumbehavior canresembletheoriginalPMNE.

In this sectionwe show that “purified” PMNE in GSSCarealsounstable.So, if σ is

a PMNE thensufficiently closepure-strategy Nashequilibriaof thegamewith incomplete

informationareunstable.6 In otherwords,purificationaddressesthestandardcritiquebut

notour instability critique.
5For genericpayoffs, if a 2X2 gamehasa uniqueequilibrium, and this equilibrium is a PMNE, then

thereis a re-labelingof eachplayer’s strategies into v Headsu Tailsw so that the resultingpreferencesoverv Headsu Tailsw equaltheMatchingPenniespreferences(i.e.oneplayerwantsto matchandtheotherwantsto
mis-match).This re-labelingis anisomorphism.

6A numberof paperson learningmixedstrategy equilibriahavefocusedon purifiedmixedstrategies,see
for exampleFudenberg andKreps(1993),EllisonandFudenberg (2000),andEly andSandholm(2001).
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ConsidertheBattleof theSexesgamefrom the Introduction,andlet σ be its PMNE.

We shall first introduceincompleteinformationand“purify” σ. Let eachplayer i receive

a payoff-relevantsignalωi. Thesignalsareindependentlyuniformly distributedon " 0 � 1' .
Theplayers’payoffs arein Figure3; η 
 0 is theparameterthatcontrolstheimportanceof

thesignals,weshallcall thegamein Figure3 theη-augmentedgame.

Player1

Player2
O B

O 2 � 1 	 η � ω1 � 2
�
3� 0 � 0

B 0 � 0 1 	 η � ω2 � 2
�
3��� 2

Figure3: AugmentedBattleof theSexes

It is easyto seethatthepair of (pure)strategies �yx 1 �zx 2 � ,
x 1 � ω1 � �|{ O if ω1 � 2

�
3

B if ω1 
 2
�
3 x 2 � ω2 � �}{ O if ω2 
 2

�
3

B if ω2 � 2
�
3 �

is a Nashequilibrium of the augmentedgame,no matterthe valueof η. Note that, for

almostall ωi , playeri is selectingastrict bestresponseto x~? i.

Thedistributionof �yx 1 � ω1 ���#x 2 � ω2 �B� is thesameasthePMNEdistributionin theoriginal

Battleof theSexes.This is aparticularlyniceexampleof apurification;wecanbeasclose

as we want to the original gameby taking η small enough,get the samepredictionas

the PMNE, andavoid assumingthat playersselectarbitrarily amonga setof indifferent

strategies.

Now, given ε 
 0, considera perturbationµ0 � � 1 � ε � ψσ 	 εψδ \ O �O] . Doing some

algebra,it turnsout that,if

η � min � 2ε
2 	 ε

� 9ε
1 � ε � �

then,no matterthevalueof ωi , playeri’s bestresponseto beliefsµ0
i is to play O. We can

thenrepeattheargumentin theIntroduction(andin Section4.1) thatplay only reinforces

theinitial perturbedbeliefs.Soif behavior is myopicandbeliefsareweaklymonotone,the

purifiedequilibriumis unstable.

In this example,for eachof our perturbationsµ0 � � 1 � ε � ψσ 	 εψδsupβ \ ψσ ] , thereis

η suchthat if η � η thenthepurifiedequilibriumin theη-augmentedgameis unstableto

theµ0 perturbation.Note that theorderof limits matters:We do not saythat, for η small
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enough,the purified equilibrium is unstableto arbitrarily small perturbations.7 Ely and

Sandholm(2001)discoverasimilar phenomenonusingperturbedevolutionarydynamics.

Now we presenta generalresult for purified PMNE. For simplicity, we assumefi-

nite strategy spaces. The setupis from Fudenberg and Tirole’s (1991) presentationof

Harsanyi’ s PurificationTheorem. Let Γ0 � � N �=�<� Si � gi � : i � N ��� be a finite game. For

η 
 0, Γη � � N ������� i � uη
i � : i � N �M� is the η-augmentedgame, whereeachplayer i is en-

dowedwith typespaceΩi � "�� 1 � 1' #Si andselectsastrategy x : Ωi � Si . Typesωi � Ωi are

drawn independentlyaccordingto probabilitydistribution pi . Payoffs areuη
i � si � s? i � ωi � �

gi � si � s? i �0	 ηωi � si � .
Harsanyi’ sPurificationTheoremsaysthat,in genericfinite games,for any PMNE σ of

Γ0, thereis acollection �yx η � η � 0 suchthat: a) for all η, x η is a (pure)equilibriumof Γη; b)

thedistributionsof x η � ω � convergeto σ asη � 0. Weshallcall � Γη �zx η � η � 0 apurification

sequenceof σ.

Weneedto controltherelativesizesof theperturbationsin beliefsandtheaugmentation

of Γ0. Thefollowing definitionhelpsusdo that.

Definition 5 Let � N �M� Si � ui � : i � N �$� bea game. A mixed-strategyprofileσ is unstableto

an ε-perturbation for ε 
 0 if there is a strategy profile σ � such that any myopicsystem

of behaviorand beliefs � µ � ξ � with weaklymonotonebeliefsand µ0 � � 1 � ε � ψσ 	 εψσ �
remainsoutsideof a neighborhoodof ψσ. That is, there is a neighborhoodW of ψσ in Ψ
such that, for everyt, µ � ht � �� W.

Theorem 2 Let Γ0 bea finite GSSC,andσ bea NashEquilibrium of themixedextension

of Γ0 such that at least two players’ strategiesin σ are properly mixed. Let � Γη �#x η � be

a purificationsequenceof σ. For any ε 
 0, there is η 
 0 such that if η � η then x η is

unstableto an ε-perturbation.

Proof: Seesection7.
7Thismaybedueto ourbrute-forceapproachto dealingwith randomizations—wecontrolbestresponses

at all valuesof ωi . It maybepossibleto do betterwith moresophisticatedmethods.
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6 Justifying Weakly MonotoneBeliefs

Weshow that,in two specificationsthatarecommonin learningmodels,beliefsareweakly

monotone.In particular, we show in (1.) thatfictitious-playbeliefsareweaklymonotone,

andin (2.) thatbeliefsin Bayesianlearningareweaklymonotone.

1. We shallfirst describea modelof fictitious play following Chapter2 in Fudenberg

andLevine (1998). Let � N �=��� Si � ui � : i � N �$� bea normal-formgame.Fix a player i. Let

κ0
i : S? i � R 	 beanexogenous“initial weightfunction” thatis not identicallyzero.Player

i’sweightfunctionis updatedeachperiodt o 1. So,if playin t � 1 is ŝt ? 1? i , thentheperiod-t

weightfunctionis

κt
i � s? i � � κt ? 1

i � s? i �0	 χ � sT i F ŝt T 1T i � � s? i ��/ (I)

Thefunctionχ � sT i F ŝt T 1T i � takesthevalue1 if s? i � ŝt ? 1? i and0 if s? i �� ŝt ? 1? i .

Now wecandefinefictitious play beliefs. Playeri’sbeliefsat thenull historyare

µi � h0 �U� s? i � � κ0
i � s? i �

∑sT i 2 ST i
κ0

i � s? i � ;
and,afterhistoryht � �B� s1

i � s1? i ����� s2
i � s2? i �0/B/B/�� st

i � st? i �B� ,
µi � ht �U� s? i � � κt

i � s? i �
∑sT i 2 ST i

κt
i � s? i � �

wherewegettheκt
i weightfunctionrecursively from κ0

i andht by formulaI.

Proposition 1 Let � N �=�<� Si � ui � : i � N �$� bea gamewhere each Si is a finite lattice. Ficti-

tiousplaybeliefsin thisgameareweaklymonotone.

Proof: Let ht beahistory, andsup" suppµ � ht � ' � sτ, for τ � t 	 1 �B/B/=/ T. Fix aplayeri. For

eachsubsetA of S? i , let κt
i � A� � ∑sT i 2 Aκt

i � s? i � .
Let E � S? i bean increasingset. Case1. If E * suppµ � ht � � /0 thenµ � ht �U� E � � 0 �

µ � ht � . Case2. If E * suppµ � ht ���� /0 then,becauseE is increasing,sup" suppµ � ht � ' � E.

Then,alsobecauseE is increasing,sτ � E, for τ � t 	 1 �B/=/B/ T. ThenκT
i � E � � � T � t ��	

κt
i � E � , so

µ � hT �U� E � � κT
i \ E ]

κT
i \ ST i ]� \ T ? t ]�� κt

i \ E ]\ T ? t ]�� κt
i \ ST i ]o κt

i \ E ]
κt

i \ ST i ] � µ � ht �U� E � ;
14



theinequalityis becausex >��� a 	 x� � � b 	 x� is amonotoneincreasingfunctionwhena � b.

Wehaveshown thatµ � ht �U� E ��� µ � hT �U� E � for every increasingsetE, soµ � ht �,� st µ � hT � .
2. Now weshow thatBayesianupdatingrespectsweakmonotonicity. Let Πi � ! � S? i �

be a set of possible(correlated)strategies by i’s opponents.Supposethat i hasbeliefs

µi � ! � S? i � thatsheobtainsfrom someprior distribution ηi over Πi. So,ηi � ! � Πi � and

µi � B� �DC Πi
π � B� dηi � π � for all eventsB � S? i .

Supposethat,afteraneventE � S? i occurs,i updatesherbeliefsby Bayes’rule. The

updatedposteriorηi � E � ! � Πi � is

η � E � B� � C Bπ � E � dηi � π �C Πi
π � E � dηi � π � �

whenever C Πi
π � E � dηi � π ��
 0. Theresultingupdatedbeliefsµi � E � ! � S? i � aredefinedby

µi � E � B� ��C Πi
π � B� dηi � E � π � . When C Πi

π � E � dηi � π � � 0, µi � E is arbitrary.

Theorem 3 LetS? i bea completelattice, andlet E ��" supsuppµi � supS? i ' . If Πi is totally

orderedbyfirst-orderstochasticdominance, thenµi � st µi � E.

Proof: We shall drop the i-subindexes to simplify. Only if C Π π � E � dη � π ��
 0 is there

somethingto prove. First weshallprove thatη � st η � E.

Let D � " supsuppµ� supS? i ' . Let B � Π be an increasing,measurableset. Because

Π is a chainunderfirst-orderstochasticdominance,andD is an increasingset,π � D ���
π̂ � D � for all π � Bc, π̂ � B (sinceπ � st π̂). Then, integratingover π̂ � B on both sides,C Bπ � D � dη � π̂ � � π � D � C Bdη � π̂ �6� C B π̂ � D � dη � π̂ � ; soπ � D � η � B�6� C B π̂ � D � dη � π̂ � for any π �
Bc. Similarly, η � B� C Bc π � D � dη � π �,� η � Bc � C B π̂ � D � dη � π̂ � .

Now, µ � E � �}C Π π � E � dη � π ��
 0 implies that C Π π � E � dη � π � �|C Π π � D � dη � π � , or we

wouldnotget C Π π �B" inf S? i � supsuppµ' � dη � π � � µ �B" inf S? i � supsuppµ' � � 1. So,η � B� C Bc π � E � dη � π ���
η � Bc � C B π̂ � E � dη � π̂ � . Then,

η � B� C Bc π � E � dη � π �C Π π � E � dη � π � � η � Bc � C B π̂ � E � dη � π̂ �C Π π � E � dη � π � �
which impliesthatη � B� η � E � Bc ��� η � Bc � η � E � B� . But η � E � B�<	 η � E � Bc � � η � B�M	 η � Bc � �
1, soη � B��� η � E � B� . TheincreasingeventB is arbitrary, soη � B��� st η � E � B� .

Let F be an increasingevent in S? i , then the map π >� π � F � is monotoneincreas-

ing, as Π is orderedby first-orderstochasticdominance. Then, η � st η � E implies that
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C Π π � F � dη � π �I� C Π π � F � dη � E � π � . By thedefinitionof theplayer’s beliefsover S? i , then,

µ � F �,� µ � E � F � . So,µ � µ � E.

TherequirementthatΠi is totally ordereddoesnot imply that theresultingbeliefsare

totally ordered,only that all priors are ranked accordingto the “aggressiveness”of the

potentialstrategies.

The problemwith the strongmonotonicitycondition“any larger play producelarger

beliefs” (HopenhaynandPrescott1992) is that it will not hold underBayesianupdating

unlesspriorsareorderedaccordingto monotonelikelihoodratio (Milgrom 1981).

7 Proofs

The proof of Theorem1 requirestwo preliminarylemmas.Lemma2 is of someinterest

independentof Theorem1. Both lemmasareusedin theproofof Theorem2 aswell.

Lemma 1 LetX bea latticeandA � X a subcompletesublattice. Let p � ! � X � beproperly

mixed,andsuch that suppp � A. If λ ��� 0 � 1� thenp � st � 1 � λ � p 	 λδsupA � st δsupA.

Proof: Let E beanincreasingsubsetof X. SinceA is asubcompletesublattice,supA � A.

Case1. If E * A � /0, thenp � E � � δsupA � E � � 0, so W � 1 � λ � p 	 λδsupA X � E � � 0. Case2.

If thereis x � E * A, thenx � supA, sosupA � E, asE is increasing.ThenδsupA � E � � 1,

which impliesthat

p � E � � � 1 � λ � p � E �0	 λp � E �,��� 1 � λ � p � E �0	 λ� � 1 � λ � p � E �<	 λδsupA � E ��� 1 � δsupA � E ��/
In eithercase,then,p � E ��� W � 1 � λ � p 	 λδsupA X � E �[� δsupA � E � for every increasingsetE,

so p � st � 1 � λ � p 	 λδsupA � st δsupA.

Now we show that the inequalitiesarestrict. Let Ẽ � � x � X : supA � x � . Observe

thatsupA � Ẽ. Sincep is properlymixed,p � Ẽ � � p W Ẽ * supp � p� X � p �+� supA �$��� 1 (see

Remark1 in Section2). Then,

p � Ẽ � � � 1 � λ � p � Ẽ �<	 λp � Ẽ �,��� 1 � λ � p � Ẽ �0	 λ � 1 � δsupA � Ẽ ��/
So,p � st � 1 � λ � p 	 λδsupA � st δsupA.
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Lemma 2 Let Γ � � N �=�<� Si � ui � : i � N �$� bea GSC.Supposeσ is a PMNE,andthat

supβ � ψσ ��� inf β �B� 1 � ε � ψσ 	 εψδsupβ \ ψσ ] � (II)

for someε 
 0; thenσ is unstableto an ε-perturbation.

Proof: Let µ0 � � 1 � ε � ψσ 	 εψδsupβ \ ψσ ] . SinceΓ is aGSC,β is non-empty-,subcomplete-

andsublattice-valued.Also, thesupportof σ is containedin β � ψσ � . Then,by Lemma1,

ψσ � st µ0 � st ψδsupβ \ ψσ ] .
Let � µ� ξ � be a systemof myopic behavior andmonotonebeliefs,with initial beliefs

µ0. Fix a sequenceof realizationsof typeprofiles � ω1 � ω2 �B/=/B/�� � ω∞ � Ω∞. We will show

by inductionthat, if the sequence� st � with st � ξ � ωt � µ � ht ? 1 �B� is the realizedplay, then

supβ � ψσ �,� st andµ0 � st µt for every t.

First, we will show that supβ � ψσ ��� s1 and that µ0 � st µ1 � µ � h1 � . By hypothe-

sis, supβ � ψσ ��� s̃ for all s̃ � β � µ0 � . Then, supβ � ψσ ��� s1, as behavior is myopic, so

supsuppσ � s1. Sinceh1 � � /0 � s1 � , this implies, by monotonicityof beliefs, that µ0 � st

µ1 � µ � h1 � , completingthefirst stepof theproof by induction.

Second,supposethat for a givent o 1, µ0 � st µt ? 1 � µ � ht ? 1 � , andsupβ � ψσ ��� sτ for

τ � 1 � 2 �B/=/B/ t � 1. Γ is aGSC,sothemapψσ >� inf β � ψσ � is monotoneincreasing(seee.g.

Topkis(1998)).Then,ψσ � st µ0 � st µt impliesthat

supβ � ψσ ��� inf β � µ0 �,� inf β � µt ? 1 ��� ξ � ωt � µt ? 1 � � st /
This inequality, andtheinductivehypothesis,imply thatµ0 � st µt � 1 � µ � ht � , asbeliefsare

weaklymonotone.By inductionthen,for every t, bothµt andthecopy in belief spaceof

thedistributionof ω >� ξ � ω � ht � arelargerthanµ0.

Let W � W µ0 � ψδsupSX c � � p � Ψ : µ0 � st p � c
. By Remark2 of Section2,W is a weak

openneighborhoodof ψσ in Ψ. We have shown thatW satisfiestheconditionin thedefi-

nition of unstableto anε-perturbation.

Remark: If a strategy profile σ is unstableto an ε-perturbationfor all ε 
 0, then it is

unstable.To seethis, notethat that � 1 � ε � ψσ 	 εψσ � � ψσ asε � 0. 8 Then,given a

neighborhoodV of ψσ, thereis ε ��� 0 � 1� suchthatµ0 � � 1 � ε � ψσ 	 εψσ � � V. Hence,for
8Since,for any bounded,continuous,real-valuedg, 8 1 m ε :�� gdσ n ε � gdσ �-��� gdσ.
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any neighborhoodthereis a point µ0 suchthat, if the dynamicsstartat µ0, thenthe state

of thesystemnever lies in aneighborhoodW of ψσ. Therefore,learningneverapproaches

ψσ. 9

Proof of Theorem 1. Let ε 
 0, andconsiderany PMNE σ in theconditionsof theTheo-

rem.Weshallprove thattheinequalityII in Lemma2 is satisfied.

Fix i � N andlet µ̂i � � 1 � ε � ψiσ 	 εψiδ � supβ \ ψσ ]�  . Sinceat leasttwo playersselecta

properlymixed strategy, ψiσ is properlymixed. Γ is a GSC,so βi � µ̂i � is a subcomplete

sublattice,andsupp � ψiσ ���¡" β � ψσ � ' ? i becauseσ is a Nashequilibrium. Then,Lemma1

impliesthatψiσ � st µ̂i .

Let T � � ψiσ � µ̂i � , and ¢ i : Si � T � R bedefinedby ¢ i � si � τ � �GC ST i
ui � si � s? i � dτ � s? i � .

Hence,βi � τ � � argmaxsi 2 Si
¢ i � si � τ � for τ � T.

We claim that ¢ i satisfiesthestrict singlecrossingpropertyin � si � τ � . Let si � s�i and

suppose¢ i � s�i � ψiσ �[�D¢ i � si � ψiσ �£o 0. Sinceψiσ � st µ̂i , to show that the strict single-

crossingpropertyholds,wemustshow that ¢ i � s�i � µ̂i ���¤¢ i � si � µ̂i ��
 0. Denoteby l : S? i �
R thefunctions? i >� " ui � s�i � s? i ��� ui � si � s? i � ' . So,for any τ � T,¢ i � s�i � τ ���¤¢ i � si � τ � � S

ST i

W ui � s�i � s? i ��� ui � si � s? i �+X dτ � s? i � � S
ST i

l � s? i � dτ � s? i ��/
Now, ¢ i � s�i � µ̂i ���¥¢ i � si � µ̂i � �� 1 � ε � C ST i

l � s? i � dσ ? i � s? i �<	 ε C ST i
l � s? i � dδsupβ \ ψσ ] T i

� s? i �� � 1 � ε ��"�¢ i � s�i � ψiσ ���¤¢ i � si � ψiσ � ' 	 εl � supβ � ψσ ��? i ��/
Suppose,by way of contradiction,that ¢ i � s�i � µ̂i ����¢ i � si � µ̂i ��� 0. Then ¢ i � s�i � ψiσ ���¢ i � si � ψiσ ��o 0 impliesthat l � supβ � ψσ ��? i �,� 0.

Note that l is strictly increasingbecauseΓ is a GSSC.Then l � s? i �%� 0 for all s? i �
β � ψσ ��? i ¦ � supβ � ψσ ��? i � , asl � supβ � ψσ ��? i �,� 0. Weclaim that

σ ? i � β � ψσ ��? i ¦ � supβ � ψσ ��? i �.� � 0 /
Toseethis,notethatσ ? i � β � ψσ ��? i ¦ � supβ � ψσ ��? i �$��
 0andl � s? i ��� 0 for all s? i � β � ψσ ��? i ¦ � supβ � ψσ ��? i �
imply that

0 
 C β \ ψσ ] T i § 1 supβ \ ψσ ] T i 5 l � s? i � dσ ? i � s? i �o C ST i
l � s? i � dσ ? i � s? i �� ¢ i � s�i � ψiσ ���¤¢ i � si � ψiσ �-/

9In fact,in our resultsthecopy of thedistributionof ω ¨� ξ 8 ω u µ 8 ht :�: in belief spaceis not in W either.
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The first inequality follows from a simpleresult in integrationtheory, 10 the secondbe-

causel � supβ � ψσ ��? i �%� 0 andsuppσ ? i � β � ψσ ��? i. But this violatesthat ¢ i � s�i � ψiσ �[�¢ i � si � ψiσ ��o 0, soit mustbethatσ ? i � β � ψσ ��? i ¦ � supβ � ψσ ��? i �$� � 0.

But suppσ ? i � β � ψσ ��? i, as σ is a Nashequilibrium. Then σ ? i � supβ � ψσ ��? i � � 1,

which is a contradictionbecauseσ is properlymixed (seeRemark1 in Section2). This

showsthat ¢ i satisfiesthestrict single-crossingproperty.

Thestrict singlecrossingof ¢ i implies,by Milgrom andShannon’s (1994)Monotone

SelectionTheorem,that x � x� for every x � βi � ψσ � andx�©� βi � µ̂� . Thussupβi � ψσ ���
inf βi � µ̂� . This is truefor all i, hencetheinequalityII in Lemma2 is satisfied.

Proof of Theorem 2. In Step1 we prove a mini-lemma,which we thenusein Step2 to

prove thetheorem.

STEP 1. Let � µη
i � η � 0 be any collectionof beliefs in Ψi suchthat µη

i � µi , for some

µi � Ψi , asη � 0. Weshallfirst show thatthereis η̂ with thepropertythat,for all η � η̂, ifx i is a bestresponseto µη
i in theη-augmentedgame,then x i � ωi ��� βi � µi � for all ωi ; where

βi � µi �,� Si is thesetof bestresponsesto µi in Γ0.

Let

k � inf � S
ST i

gi � s̃i � s? i � dµi � s? i ��� S
ST i

gi � si � s? i � dµi � s? i � : si
�� βi � µi ��� s̃i � βi � µi � � /

SinceSi is finite, k 
 0. Let 0 � η �©� k
�
4 and let η �ª�©
 0 be suchthat, if 0 � η � η �ª�

then � C ST i
gi � si � s? i � dµi � s? i �«� C ST i

gi � si � s? i � dµη
i � s? i � � � k

�
4 for all si � Si, which againis

possiblebecauseSi is finite. Let η̂ � min � η �¬� η ���� .
Let si

�� βi � µi � , s̃i � βi � µi � , andη � η̂. Thegainto playings̃i oversi in theη-augmented

game,andin stateωi , is C ST i
uη

i � s̃i � s? i � ωi � dµη
i � s? i ��� C ST i

uη
i � si � s? i � ωi � dµη

i � s? i � �
C ST i

gi � s̃i � s? i � dµη
i � s? i ��� C ST i

gi � si � s? i � dµη
i � s? i �0	 η "ωi � s̃i ��� ωi � si � 'o C ST i

gi � s̃i � s? i � dµη
i � s? i ��� C ST i

gi � s̃i � s? i � dµi � s? i �	 C ST i
gi � s̃i � s? i � dµi � s? i ��� C ST i

gi � si � s? i � dµi � s? i �	 C ST i
gi � si � s? i � dµi � s? i ��� C ST i

gi � si � s? i � dµη
i � s? i ��� 2η
 � k

�
4 	 k � k

�
4 � 2k

�
4 � 0 /

Thefirst inequalityobtainsbecauseωi � si ��� ωi � s̃i ����"(� 1 � 1' , thesecondbecauseη � η̂.
10Theintegralof a strictly negativefunctionovera regionof positivemeasureis strictly negative.
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We have shown that,for all η � η̂, no matterthevalueof ωi , any ŝi � βi � µi � is a better

responseto µη
i thanany si

�� βi � µi � . As x η
i is a bestresponseto beliefsµη

i , this impliesthatx η
i � ωi ��� βi � µi � for all ωi .

STEP 2. For eachη, let ση
i be the distribution of x η

i � ωi � . Note that, for all η, x η
i is

a bestresponseto beliefsψiση, andσ � limη ® 0ση, as � Γη �#x η � is a purificationsequence

of σ. By Step1, thereis η̂ suchthat, if η � η̂, then x η
i � ωi �9� βi � ψiσ � for all ωi � Ωi. In

particular, x η
i � ωi �,� supβi � ψiσ � for all ωi � Ωi.

Let ˜x η
i beabestresponseto beliefsν � � 1 � ε � ψiσ 	 εψiδsupβ \ ψσ ] , in theη-augmented

game.Beliefsν do not dependon η, soapplyingStep1 with µη � ν for all η, thereis η̃
suchthat, if η � η̃ then ˜x η

i � ωi ��� βi � ν � for all ωi . In particular, inf βi � ν �9� ˜x η
i � ωi � for all

ωi .

Let η � min � η̂ � η̃ � . Repeatingtheargumentin theproof of Theorem1, we have that

supβ � ψσ �Q� inf β � ν � . Then,if η � η, for every i andωi � ω̃i � Ωi, x η
i � ωi �Q� ˜x η

i � ω̃i � . By

Lemma2, wearedone.
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