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Abstract

In gameswith strictstratgic complementaritiegroperlymixedNashequilibria—
equilibriathat are not in pure stratgies—areunstablefor a broadclassof learning
dynamics.
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Figurel: Battle of the Sexes

1 Intr oduction

Marny economicsettingscan be modeledas gamesof strict stratgic complementarities.
Herewe show thatfor suchgames properly-mixed Nashequilibria (i.e., Nashequilibria
thatarenotin purestratgies,referredto asPMNE hereafter)are unstableundera broad
classof learningprocessesandsoarenotlikely to be goodpredictionsof play.

We shallgive a flavor of our resultsusingthe “Battle of the Sexes” gamein Figurel.
Playersl and2 eachsimultaneouslghooseanelementrom {O, B}. Payoffs arespecified
in thebimatrix to theleft. Let p; bethe probabilitywith which playeri select€0. Thebest
responseareshownn in Figurel ontheright. When2 playsO with probabilitysmallerthan
2/3, 1 setsp1 = 0; when pz equals2/3 player1 is indifferentbetweenO andB, so ary
choiceof p; is a bestresponsewhen?2 setsp; largerthan2/3, 1 will optimally respond
by choosingp; = 1. TherearethreeNashequilibria of this game,indicatedby the three
pointswherethe best-responstinctionsintersect:They are(0,0),(1/3,2/3) and(1,1).

Battle of the Sexesis a gameof strict stratgic complementaritiesTo checkfor com-
plementaritiesve needanorderon players’stratgies: saythatO is “larger” thanB. Then
the players’bestresponsearemonotoneancreasing.For example,if 1 increase$er strat-
egy from B to O then2 increaseser bestresponsdrom B to O. Thatbest-responsesme
increasings only necessarjor the gameto have strict strategic complementaritiedyut for
now it will suffice.

Supposethat our predictionof play for Battle of the Sexesis the PMNE (p1, p2) =
(1/3,2/3); but supposethat the players’ beliefs abouttheir opponents play are slightly
wrong. In particular supposé believes2 will selectthelargeraction(O) with probability



2/3+ ¢ andthat 2 believes 1 will selectthe larger actionwith probability 1/3+ €. By

choosinge > 0 smallenoughtheseperturbedeliefsarearbitrarily closeto theequilibrium

beliefs. Now, ascan be seenfrom the best-responséunctionsin Figure 1, given these
beliefsbothplayerswill selectO with probability 1.

We shall now amguethat, if the playersrepeatedlyplay Battle of the Sexes,eachtime
best-respondingmyopically)to their beliefs,they will move away from our original pre-
diction. Both playersobsened their opponentchoosingO, so they might infer that they
wereright in giving O largerweightthanwhat(1/3,2/3) does.They might “update”their
beliefsandgive the largeraction,O, moreweightafterobservingarger play (we will say
thatbeliefsaremonotonef they behae in this way). Supposehatthe gameis repeated.
Giventhesenew beliefs,with O receving yet higherweight,play will still be (O, 0). It is
easyto seethatrepeatedlay of Battle of the Sexeswill thenalwaysreinforcethe initial
deviation from the Nashequilibriumbeliefs(1/3,2/3)—so0(1/3,2/3) is unstable.

Note that thereis nothing non-genericor knife-edgeaboutthe perturbationsve con-
sider it is plausiblethat playerswould endup with perturbedbeliefslik e thoseabove. As
playersstartmyopically playingthe PMNE, they will play (O, O) with probability2/9, and
ary finite sequencef (O, O) play haspositive probability. It is plausiblethat,afterobserv-
ing several roundsof (O, 0), playerschangetheir beliefsin the direction of giving “my
opponenplaysO” largerprobability. Our pointis thatdeviationslik e thesewill, underour
assumptionspot be correctedby subsequentlay. Fudenbeay andKreps(1993)show that,
underappropriateassumption®n learningdynamics play in thelong run canresemblea
PMNE. They show thatany equilibriumis a steadystateof their learningdynamics.Our
pointis thatPMNE arerepellingsteadystatesandthereforemay not be goodpredictions.

Gameswith strict stratgic complementaritieare commonin economicsandwe be-
lievethatourresultsareusefulfor economistsFor example considetheBertrandoligopoly
modelwith differentiatedoroducts(Tirole 1988,p. 280): Purestratgiesin this modelare
easyto analyzebothusingcalculustechniquegasin Tirole), or lattice-theoretidechniques
(Milgrom and Roberts1990). Mixed stratgies are difficult to analyzein the Bertrand
model,so our paperprovidesa justificationfor focusingon pure-stratgy equilibria. The
problemin Bertrandoligopoly is quite commonin othercontexts aswell. Thetextbooksby
Topkis(1998)andVives(1999)containmary economicexamplesof gameswith strateic
complementaritiesComplementaritieprovide toolsfor working with pure-stratgy equi-



libria (seeTopkis (1998)andVives(1999)for an overview of thesetools), but not mixed
stratgy equilibria(Echenique2000).In addition,economistsvantto take derivatives,and
find first-orderconditions which requireshemto ignoremixed-stratgy equilibria.

TheliteratureonlearningPMNE hasmostlystudiedrestrictve subclassesf gamesWe
believe thatoursarethefirst resultsfor a classof gameghatis widely usedby economists.
Hofbauerand Hopkins (2001)is the paperclosestto ours. Hofbauerand Hopkins study
the stability of PMNE in two-playerfinite gamesof identical interests. Fudenbey and
Kreps (1993), Benaimand Hirsch (1999), Kaniovski and Young (1995) and Ellison and
Fudenbey (2000)focusmostlyon 2X2 and3X3 games.

The paperis organizedas follows. In Section2 we give somebasicdefinitions. In
Section3 we describethe learningmodelthat we will use. Section4 containsthe main
result, and gives someintuition for its proof. In Section5 we considerpurified mixed-
stratgy equilibria. In Section6 we justify the assumptiorof weakly monotonebeliefs. In
Section7 we prove Theoremsl and?2.

2 Preliminaries

2.1 Lattice-theoretic definitions

The definitionsin this subsectionand the applicationof lattice theory to gametheory
andeconomicsjs discusseat lengthin Topkis (1998)andVives(1999). A setX with a
transitve, reflexive, antisymmetridoinaryrelation=< is alattice if wheneerx,y € X, both
xAy=inf{x,y} andxVvy=sup{x,y} existin X. It iscompletaf for everynonemptysubset
Aof X, inf A supA existin X. Notethatary finite latticeis complete A nonemptysubsefA
of X isasublatticeif for all x,y € A, xAx Y, XVx Yy € A, wherexAx y andxVx y areobtained
takingtheinfimum andsupremunaselementof X (asopposedo usingtherelative order
onA). A nonemptysubsefA C X is subcompletéf B C A, B# 0impliesinfyx B,sup B € A,
againtakinginf andsupof B asa subsebf X. Theorder-intervaltopologyon a latticeis
thetopologyobtainedoby takingthe closedorderintervalsasa sub-basi®f the closedsets.
In Euclidearspacesheorderinterval topologycoincideswith theusualtopology A lattice
is completef andonly if it is compactn its orderinterval topology

Let X bealatticeandT a partially orderedset; f : X — R is supermodularif, for all



xye X f(x)+ f(y) < f(xay)+ f(xvy); f: X x T — R hasincreasingdifferencesn (x,t)
if, wheneerx < x,t <t/, f(xX,t) — f(x,t) < f(X,t) — f(x,t'); f : Xx T — R hasstrictly
increasingdifferencesn (x,t) if x< x,t <t/,thenf(xX,t) — f(x,t) < f(X,t') — f(x,t’).

2.2 Probability measuresand first-order stochasticdominance

Let X be a lattice endaved with a topology finer thanits orderinterval topology * Let
P(X) denotethe setof (Borel) probabilitymeasuresver X. A subsefA C X is increasing
if, for all xe A, ye X andx <y imply y € A. For example,if X C R, andR hasthe
usualorder Ais increasingf andonly if it is anopenor closedhalf-intenal, i.e. eitherof
theform [x, ) or (x,). For y,v € P(X), pis smallerthanv in thefirst-order stochastic
dominanceorder (denotedu <g V) if, for all increasingsetsA C X, p(A) < v(A).

Let X bea completelattice. The supportof p e P(X) is theintersectionof all closed
probability-oneevents;it is denotedsupp(l). > For ary x € X, the singleton{x} is mea-
surable asit is a closedorderinterval, andthusclosedin the orderinterval topology Let
Ox € P(X) denotethe degenerateprobability measurethat gives probability oneto x. A
probabilitymeasures € P(X) is properly mixedif supp(l) is notasingleton.

Remarks:

1. If pe P(X) is properlymixedthenthereis no x € X with full measureasa subset
of X, i.e. thereis no x € X suchthat u({x}) = 1. To seethis, let {x} be of full
measurethensupp(p) C {x} becausgx} is closed. Sincesupp(M) is nonempty
supp(p) = {x}, andpis not properlymixed.

2. If P(X) is orderedby first-orderstochasticdominance closedorderintervals are
weakly closed. Thatis, for ary p, i € P(X), [, 1] is weakly closed. Let 4 bethe
collectionof all increasingsubsetof X. Then,theorderinterval [y, ] is:

wvl= N ({pe®(X):uE) < p(E)}N{pe P(X): p(E) <H(E)}).
{Ee4}

1To checkthat a topologyT is finer thanthe ordekinterval topologyit is sufficient to prove that closed
intervals are closedundert—the orderinterval topology s the coarsestopologyfor which orderintervals
areclosed. For example,if ?(X) is orderedby first-orderstochasticdominanceit is easyto show thatits
orderinterval topologyis coarsethanits weaktopology, seeRemark2 below.

2Definedin thisway, every measuréiasanon-emptysupportin contrastith otherdefinitionsof support,
seee.g.Royden(1988).



Butforallx, {pe P(X) : W(E) < p(E)} and{p € P(X) : p(E) < Y(E)} areweakly
closedsets(Aliprantis andBorder(1999) Theorem14.6). Then,orderintervals are
weaklyclosed.

2.3 Complementarities, strategiesand beliefs

A gamein normalform is describedby (N, {(S,u) :i € N}), whereN is a finite setof
players,andeachplayeri € N is endaved with a stratgy spaceS anda payof function
U : S= Xjen§ — R. Letn bethenumberof playersin N.

Definition 1 A normal-formgamel’ = (N, {(S,u;) : i € N}) is a gameof strategiccom-
plementaritie GSC)if, for all i € N,

1. S is acompletdattice;

2. uj isboundeds — ui(s,s i) issupermodulafor all s_j € S j, (S,S-i) — Ui(S,Si)
hasincreasingdifferencesand

3. s — Ui(s,si) is uppersemicontinuoufor all s_; € S_;.

I" is agameof strict strategiccomplementaritie§GSSC)f it isa GSCand,in addition,
(s,s-i) — Ui(s,s_i) hasstrictly increasingdifferences.

Themixedextensionof agame™ = (N, {(S,u;) : i € N}) isthegame(N, {(P(S),Ui) :i € N}),
whereeachplayeri is allowedto chooseary mixedstratgy o; € P(S), andwhereamixed-
stratgyy profile 0 = (01,...0n) givesplayeri thepayof U;(0) = [sui(s)d xien 0i(S). We
shallidentify a vectorof probabilitymeasures = (01, ...0n) € x{._;P(S) with thecorre-
spondingproductmeasurén P(S). So,for example,U;(0) = [sui(s)do(s).

Playeri’s beliefsaboutheropponentsplay is representetdy a probability distribution
K € P(S.i). Belief spaceis thenW = xienP(S-i). A mixed-stratgy Nashequilibrium
o* = (07,...05) is a situationwherei chooseshe stratgy o optimally given that her
beliefsaboutopponents’play is “right”, thatis i's beliefis 0*; € P(S_;). Sothereis a
natural“‘copy” of o* in belief spacethevector(c* ;,0* ,,...0% ;) € ¥. More generallyto
eachmixed strategy profile 0 = (01,...0n) € x{_;P(S), therecorresponddeliefso_; €



P(S.i) for playeri. We shalldenoteby Y : x{'; P(S) — W themapfrom stratey profiles
to beliefs: ;0 = 0_j, andyo = (Y;0)ien = (0-1,0_2,...0_p).

Thesetof playeri’s possiblebeliefs?(S_;) is endavedwith theweaktopologyandthe
first-orderstochastidominanceorder Belief spaceW¥ = xienP(S-) is endavedwith the
producttopologyandthe productordet

3 Learning Model

Learningtakesplacethroughrepeatedlay of a stagegame,” = (N, {(S,u;) :i € N}). In

eachstage,playeri obseres (privately) a signalw; € Q;, given someprobability space
(Qi, %, pi). Thesesignalsare not payof-relevant; playeri usesthem as randomization
mechanismsmaking her choice of a pure stratgy conditionalon the realizationof the
signal.If (Q;, %, pi) is rich enoughthis doesnot restricther choiceof randomizatiorover

purestratgies. Thesetof all signalprofilesis Q = XjenQ;.

At eachstageapure-stratgy profiles e Sresultsfrom theplayers’choices Historiesof
play (st,...s") aredenotedh'. Thesetof all historiesof lengtht is H! = S andH = U2 H!
is the setof all historiesof finite length,includingH® = {0}, the“null history”

Eachplayeri chooses repeated-gamstratgy ¢; : Qi x H — §, andis endavedwith
repeated-gamieeliefsy, : H — P(S_;). Theinterpretationis that,ateachtimet andhistory
h', w(h') € P(S) represents's assessmendf her opponentsplay in staget + 1 of the
game.Giventhis assessmengndthe realizationof w, shechooses stage-gamstratey
& (w,ht) € §. Notethatwe allow playeri to believe thatheropponentsplayis correlated—
correlatedbeliefsarisenaturallyevenif playersmix independentlyseee.g.Fudenbeg and
Kreps(1993).

Let& = (&;)icn beacollectionof stratgiesfor all playersandu= (1 )icn beacollection
of beliefs. Thepair (¢, ) is a systenmof behaviorand beliefs Notethat : Q x H — Sand
H:H— W,

Playeri’s best-responseorrespondencg, : P(S_i) — S is definedby

Bi(vi) = amgmax ¢ /&. Ui (8, s-i)dvi(s).

So,3;(vi) is thesetof bestresponseto beliefsv; € P(S_;) aboutopponentsplay. Theset



of bestresponseso stratgy s_; is then;(3s_;). The players’joint best-responseorresp-
ondencas 3: W — S, definedasp(v) = (B;(Vi))ien-

Definition 2 A systenof behaviorand beliefs(&, 1) is myopicif for all i € N, ht € H and
w € Qj,
£(@. 1) € B () = argmaxcs [ w(S.s () (ds.y).

The assumptiorof myopic behaior is very commonin the literatureon learningin
games.lt is restrictve becausét impliesthatplayersdo not attemptto manipulatethe fu-
ture behaior of their opponents—thgsimply maximizecurrentpayofs basedon current
beliefs.Myopic behaior is usuallyjustified by assuminghat,in eachperiodof time, play-
ersareselectechtrandomfrom alarge populationto play the stagegame sothelik elihood
thattwo particularplayerswill meetmorethanonceto play the stagegameis negligible
(seechapterl of Fudenbey andLevine (1998)for a discussion).

Our resultson learningwill rely on animportantassumptionif a playerhasa certain
predictionabouther opponents’play, andthen obsenes play that is weakly larger than
ary stratgy sheattached positive probability to, thenshewill “update”herbeliefsabout
opponentsbehaior and predictweakly larger play. This requiremenbn beliefswe call
weakmonotonicity To beprecise:

Definition 3 Beliefsy are weakly monotoneif, for all i € N, andht € H,
(sup[suppyy (h))] < s for t=t+1,...T) = (i(h") <g p(h")).

Wheeh' is anyhistorythatcoincideswith ht in periodst =0, ...t andwheei’ sopponents
plays'; in periodst=t+1,...T.

Theideabehindthis definitionis that,if i (ht) givesi’s beliefsattimet + 1 andhistory
h', andif playattimest +1,t +2,...T is weaklylargerthanary playi believed possibleat
timet, theni will have weaklylargerbeliefsattimeT.

Weakmonotonicityis the only conditionwe needon beliefs,andit is rathermild. Be-
liefs in Cournotbest-responsdynamicssatisfyweakmonotonicity We shov in Section6
thatfictitious-playbeliefs,andbeliefsupdatedoy Bayes'rule, satisfyweakmonotonicity
(seeFudenbey and Levine (1998) for definitionsand discussionof theselearningmod-
els). As asimplejustificationfor weakly monotonebeliefs,notethat, if beliefsareweakly
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monotonethen play will, underour assumptionsbe monotone,so beliefsare “right” in
beingweakly monotone Monotonicityis then,in asenseself enforcing.

We have usedthe qualifier “weak” to differentiateour condition from the stronger
requirementhat ary larger play producelarger beliefs (e.g.in Hopenhaynand Prescott
(1992)andEcheniqug2000)). The strongerconditiondoesnot arisenaturallyin standard
learningmodels.

4 Instability of Mixed Equilibria

We now prove that, at any PMNE o of a GSSC therearearbitrarily small perturbations
that setoff learningdynamicsso that stratgjies are always outsideof a neighborhoodf
0. Oursis aninstability result: thesesmall perturbationgrom o arenever “corrected”by
subsequerdynamics.Theperturbatiortakestheform of slightly wrongbeliefs.2 We shall
first give a heuristicagumentfor why the instability obtains.

4.1 Intuition for the instability result

Let ({1,2},{(S,u) :i=1,2}) beatwo-playerGSSC.If eachstratey spaceis a subset
of R, we canrepresenthe joint stratgy spacesn R?>—seethe drawing on the left in
Figure2. Let 0 beamixed-stratgy equilibriumwherebothplayersselecta properlymixed
stratgy. The setof pure-stratgy bestresponse$o o, B({a), is a subcompletesublattice
(Topkis 1998),for exampletherectanglen Figure2. The supportof o mustlie in (o),
andlikewisesupB(yo) € B(Wo).

Lets perturbbeliefsin the directionof the largestelementin (o). Considerbeliefs
0 = (1—&)Wo + ePdgyp ) - With beliefsy®, playeri mixesequilibriumbeliefsy;o with
degeneratebeliefsthati’s opponenwill play their largestbestresponseso their equilib-
rium beliefs. Thiswastheperturbatiorwe usedin “Battle of the Sexes”in thelntroduction.

Obsere that Jo <4 10, andthat, by choosinge > 0 small enough,p® canbe taken
arbitrarily closeto Yo. The supportof (° lies in B(o), which is crucial for our results.
We representhe situationin Figure2. On the left is the stratg)y space whereary best

3As analternatie, we could perturbbehaior. It seemshat, of thetwo equilibriumassumptionghatbe-
havior is rationalgivenbeliefsandthatbeliefsare“correct”, it is the secondhatmostof the non-equilibrium
literatureseeksto wealen. In any casewe obtainthe sameresultsif we perturbbehavior insteadof beliefs.
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Figure2: Unstablemixedequilibrium

responséo ° mustlie to the north-easbf sup(yo). Ontheright is belief space WY—we
represent! asasubsedf theplane,whichisinaccuratendjustameanf visualizingthe
ideasbehindourresults.

Considerary learningdynamicsthat startsoff at the perturbedbeliefs .°. Because
complementaritiesire strict, any bestresponseo perturbedoeliefs |.© is (weakly) larger
thanary bestresponseo Yo. In particular then,play is weakly larger thanary element
in thesupportof 0. Then,if beliefsaremonotone updated”beliefs,afterobservingfirst-
periodplay, areweaklylargerthan®. Now the amgumentfollows by induction: if playin
all periodsl, 2, ...t — lislargerthansupB(yo), thenperiodt beliefsmustbeweaklylarger
thanp®, andperiodt play mustbe weaklylargerthansupB((o). So, it = p(ht) is aways
to the north-easbf p°, andthereforebeliefsnever approachyo.

If the perturbation® = (1—¢)yo + eWdsypp(yo) SEEMEArbitrary notethatary beliefs
in theinterval [, Ydsypp(yo) | Would work.

Thecrucialcomponent®f our algumentarethen:

1. Becauseo is properly mixed, thereis a wedgein pure stratgies, so thereare per
turbedbeliefs© thatarelargerthanya, while still having supportin B(Yo). These
perturbedeliefscanbetakenarbitrarily closeto Yao.

2. Strict complementaritiebetweenplayers’ choicesprovokes an “overshooting”re-



sponseo larger beliefs,sothatary bestresponséo O is largerthansupB(yo).

3. By monotonebeliefs,theinitial deviation towardlarger play is reinforced.But note
thatthe monotonicityusedis weak;sinceplay is weakly larger thanarny elementn
the supportof L0, beliefsin eachmomentt mustbe weaklylargerthanC.

4.2 Main result

Herewe formalizethe heuristicagumentust given, but we deferthe proofto section?.

Definition 4 Let(N{(S,u) :i € N}) bea game A mixed-stategy profile o is unstableif,
for everyweakneighborhood/ of o in W, thereis |/ € V sud thatanymyopicsystenof
behaviorand beliefs(l, &) with weaklymonotonebeliefsand p° = |/, remainsoutsideof
a neighborhoodf Yo. Thatis, there is a neighborhoodV of Yo sud that, for all t > 1,

H(h') ¢ W.

Thato is unstablemeanghattherearearbitrarily closeperturbedeliefsp® suchthat,
if learningstartsattheseperturbedeliefs,thenbeliefsneverapproacto. Thedefinitionof
unstablesquilibriumis anadaptatiorto the presentontext, of the definitionof asymptotic
instability usedin the dynamicalsystemditerature(HirschandSmalel974).

Theorem 1 Letl bea GSSCando bea NashEquilibrium of the mixedextensionof I'. If
at leasttwo players’ strategiesin o are properly mixed,thenao is unstable

Proof: Seesection?.

Remarks:

1. The setof perturbationghatgive usinstability is not small,it containsa non-empty
openintenal. If the S arefinite, for ary openneighborhood/ of Wo, (W, §) starting
atl0 € V N (Yo, P3sp(yo)) doesnotaproachpo. *

4In non-finitegamesthe sameis truefor 1° € V N Uee(o,1) (K(€), Wdsupp(yo))» Wherep(e) = (1—€)po +
EPBsupp(yo) -
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2. Infinite gamesfor generigpayofs, thereareno PMNE whereonly oneplayerselects
a properlymixed stratgyy (becausdestresponseso purestratgiesaregenerically
unique). In mary non-finite gamesiit is not hardto rule out that only one player
selectsa properlymixedstratayy.

Theoreml hasa simpleconsequenctor 2X2 games For genericpayofs, 2X2 games
eitherhave a uniqueNashequilibrium, or two pureequilibriaandone PMNE. In this last
casejt is easyto orderstratgiessothatthe gameis a GSSC.Then,we get

Corollary 1 For genericpayofs, PMNEin 2X2gamesare eitheruniqueor unstable

Generically then,a 2X2 gameis eitherisomorphicto Matching Penniesor its mixed
equilibriumis unstable® For 2X2 gamesFudenbey andKreps(1993)shaw that, when
the PMNE is theuniqueequilibrium,it is globally stable.This papercompleteghepicture
for all other2X2 games.

5 Purified Mixed Equilibria

A textbookcriticism of PMNE goeslik e this (seee.g.OsborneandRubinstein(1994)):In
a PMNE, eachplayeri is requiredto randomizein exactly the way that leavesthe other
playersindifferentbetweerthe elementsn the supportof their equilibriumstrateyies. But
i hasnoreasorto randomizean this way, preciselybecause too is indifferentbetweerthe
elementdn the supportof her equilibrium stratgies. The standardesponseo this crit-
icismis Harsami’s PurificationTheorem—ifwe introducea smallamountof incomplete
information,thenpure-stratgy equilibriumbehaior canresemblghe original PMNE.

In this sectionwe show that“purified” PMNE in GSSCarealsounstable.So,if o is
a PMNE thensufficiently closepure-stratgy Nashequilibriaof the gamewith incomplete
informationareunstable® In otherwords, purificationaddressethe standarctritique but
not our instability critique.

SFor genericpayofs, if a 2X2 gamehasa uniqueequilibrium, and this equilibrium is a PMNE, then
thereis a re-labelingof eachplayers stratgjiesinto {HeadsTails} so that the resulting preferencesver
{HeadsTails} equalthe MatchingPenniegpreference$i.e. oneplayerwantsto matchandthe otherwantsto
mis-match).Thisre-labelingis anisomorphism.

6A numberof paperson learningmixedstrateyy equilibriahave focusedon purified mixedstratgies,see
for exampleFudenbeg andKreps(1993),EllisonandFudenbeg (2000),andEly andSandholn(2001).
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Considerthe Battle of the Sexesgamefrom the Introduction,andlet o be its PMNE.
We shallfirst introduceincompleteinformationand“purify” o. Let eachplayeri receve
a payof-relevantsignalw. The signalsareindependentlyuniformly distributedon [0, 1].
Theplayers’payofs arein Figure3; n > 0 is the parametethatcontrolstheimportanceof
thesignalswe shallcall thegamein Figure3 the n-augmentedjame.

Player2
0 B
O [2,1+n(w—2/3) 0.0
Playerl : ’
ayertl g 0.0 11 n(wn—2/3),2

Figure3: Augmentedattle of the Sexes

It is easyto seethatthe pair of (pure)strateies( 1, [2),

oo ={Birass B {815
is a Nashequilibrium of the augmentedyame,no matterthe value of . Note that, for
almostall wy, playeri is selectinga strict bestresponséo [_;.

Thedistributionof ([1(wy), [2(w)) isthesameasthe PMNE distributionin theoriginal
Battleof the Sexes. Thisis a particularlynice exampleof a purification;we canbe asclose
aswe want to the original gameby taking n small enough,get the samepredictionas
the PMNE, and avoid assuminghat playersselectarbitrarily amonga setof indifferent
stratajies.

Now, givene > 0, considera perturbation® = (1 — &)yo + eWd0,0)- Doing some
algebrajt turnsoutthat, if

n < min { ﬁ, % } ,
2+¢e 1—¢
then,no matterthe valueof wy, playeri’s bestresponseo beliefs M_o is to play O. We can
thenrepeatthe agumentin the Introduction(andin Section4.1) thatplay only reinforces
theinitial perturbedeliefs. Soif behaior is myopicandbeliefsareweaklymonotonethe
purifiedequilibriumis unstable.
In this example,for eachof our perturbationg® = (1— &)yo + eWdsypp(yo)» thereis

n suchthatif n < n thenthe purified equilibriumin the n-augmentedjameis unstableto
the L° perturbation.Note thatthe orderof limits matters:We do not saythat, for n small
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enough,the purified equilibrium is unstableto arbitrarily small perturbations! Ely and
Sandholm(2001)discoverasimilar phenomenomisingperturbedevolutionarydynamics.

Now we presenta generalresult for purified PMNE. For simplicity, we assumefi-
nite stratgy spaces. The setupis from Fudenbey and Tirole’s (1991) presentatiorof
Harsaryi’'s Purification Theorem. Let I'° = (N, {(S,g) :i € N}) be a finite game. For
n>0,MN=((N, {(Si,ui”) 1i € N}) is the n-augmentedgame whereeachplayeri is en-
dowedwith typespaceQ; = [—1, 1]#3 andselectaastratgy [ : Qi — S. Typesw; € Q; are
dravn independentlyaccordingto probability distribution p;. Payoffs are uin (s,S-i,w) =
6i(S,5-1) +nwi(s).

Harsanyi’ s PurificationTheoremsaysthat, in genericfinite gamesfor ary PMNE o of
IO, thereis acollection(f"),~o suchthat: a) for all n, /N is a (pure)equilibriumof ; b)
thedistributionsof /" (w) corvergeto o asn — 0. We shallcall (', /M)~ apurification
sequencef o.

We needto controltherelative sizesof the perturbationsn beliefsandtheaugmentation
of I'%. Thefollowing definitionhelpsusdothat.

Definition 5 Let(N{(S,u) :i € N}) bea game A mixed-stategy profile o is unstableto
an e-perturbation for € > 0 if there is a strategy profile ¢’ sudh that any myopicsystem
of behaviorand beliefs (i, &) with weaklymonotonebeliefsand p° = (1 — £)Qo + eo’
remainsoutsideof a neighborhoodf Yo. Thatis, thereis a neighborhoodV of Yo in W
sud that, for everyt, u(ht) ¢ W.

Theorem 2 Letl'Y bea finite GSSCand o be a NashEquilibrium of the mixedextension
of I'% sudh that at leasttwo players’ strategiesin o are properly mixed. Let (I, /) be
a purification sequencef 0. For anye > 0, thereis n > 0 sud thatif n < n then [N is
unstableto an e-perturbation.

Proof: Seesection?.

"This maybedueto our brute-forceapproactio dealingwith randomizations—weontrolbestresponses
atall valuesof wy. It maybepossibleto do betterwith moresophisticateanethods.
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6 Justifying Weakly Monotone Beliefs

We shaw that,in two specificationshatarecommonin learningmodels beliefsareweakly
monotone.In particular we shav in (1.) thatfictitious-playbeliefsareweakly monotone,
andin (2.) thatbeliefsin Bayesiarlearningareweakly monotone.

1. We shallfirst describea modelof fictitious play following Chapter2 in Fudenbeg
andLevine (1998). Let (N, {(S, ) : i € N}) beanormal-formgame.Fix aplayeri. Let
Kio :S | — R+ beanexogenousinitial weightfunction”thatis notidenticallyzero.Player
i’'sweightfunctionis updatedceachperiodt > 1. So,if playint—1is §ji1, thentheperiodi
weightfunctionis
t

Ki(S.j) = K%fl(sfi) +X{S—i=§:il} (si). 0]

Thefunctionx{&izgsl} takesthevaluelif s i =& ' and0if s ; # §1.
Now we candefinefictitious play beliefs Playeri’s beliefsatthe null historyare

N KP(ss)

b (h%)(s-i) = Se s KO(er)’
and,afterhistoryht = ((st,s!,), (%,¢%) ... (&,5")),
() (s =

B Z&ie&i K} (S—i) ’
wherewe getthek! weightfunctionrecursvely from Kio andht by formulal.

Proposition1 Let (N,{(S,u;) :i € N}) bea gamewher eadh S is a finite lattice. Ficti-
tiousplay beliefsin this gameare weaklymonotone

Proof: Let ht beahistory, andsup[suppu(h')] < s¥, fort=t+1,...T. Fix aplayeri. For
eachsubsefd of S j, letk! (A) = S5 cakl(s_i).

Let E C S.j beanincreasingset. Casel. If ENsuppu(ht) = 0 thenp(ht)(E) =0 <
u(ht). Case2. If Ensuppu(ht) # 0 then,becauseE is increasing supsuppu(h')] € E.
Then,alsobecauseE is increasings' € E, for t =t+1,...T. Thenk (E) = (T —t) +
K!(E), so




theinequalityis because+— (a+x)/(b+x) isamonotonencreasingunctionwhena < b.
We have shavn thatpu(ht) (E) < p(hT)(E) for everyincreasingsetE, sou(ht) <g p(h'). n

2. Now we shav thatBayesiarupdatingrespectsveakmonotonicity Let M C P(S_)
be a setof possible(correlated)stratgies by i's opponents. Supposehati hasbeliefs
K € P(S.i) thatsheobtainsfrom someprior distribution n; over ;. So,n; € 2(M;) and
K (B) = Jn, T(B)dn; () for all eventsB C S_.

Supposeéhat,afteraneventE C S_j occurs,i updatesherbeliefsby Bayes’rule. The
updatedposteriom;|g € P(IM;) is

_ Jgm(E)dn;(m

Jny T(E)dn; (1)
wheneer [ T(E)dn; () > 0. Theresultingupdatedoeliefsy e € P(S-i) aredefinedby
Kle(B) = Jn, T(B)dn;|e(1). When f, (E)dn; (1) = O, | is arbitrary

nle(B)

Theorem 3 LetS_j bea completdattice, andlet E C [supsuppy;, supS_i]. If I is totally
ordered by first-order stodhasticdominancethenp, <g¢ HilE.

Proof: We shall drop the i-subindeesto simplify. Only if [ T(E)dn(m) > O is there
somethingo prove. Firstwe shallprove thatn <« n|e.

Let D = [supsuppy, supS_j]. Let B C N be anincreasingmeasurableet. Because
I is a chainunderfirst-orderstochasticdominanceandD is anincreasingset, (D) <
(D) for all e B, fie B (sincemt <g 7). Then,integratingover ft € B on both sides,
JsT(D)dn (7)) = T(D) fdn () < JisT(D)dn(f); sOT(D)N(B) < fisTu(D)cIn () for ary Tre
B°. Similarly, n(B) fge T(D)dn (1) < n(B°) [gT(D)dn(7.

Now, WE) = [ T(E)dn(m) > 0 implies that [ T(E)dn(m) = [ (D)dn(T), or we
wouldnotget [ T([inf S_j, supsuppp])dn (1) = p([inf S_i, supsuppy]) = 1. So,n(B) fge T(E)dn (1) <
n(B°) J5 i(E)dn(f9. Then,

JemE)NM o foF(E)dn ()
® L ®dnm =) mE)dnm’

whichimpliesthatn (B)n|e(B°) < n(B)n|e(B). Butn|e(B) +nle(B°) =n(B) +n(B°) =
1,son(B) < n|g(B). TheincreasingeventB is arbitrary son(B) <« n|e(B).

Let F be anincreasingeventin S_j, thenthe map mt— 11(F) is monotoneincreas-
ing, as is orderedby first-orderstochasticdominance. Then,n <4 n|e implies that
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JnT(F)dn(m) < [ (F)dn|e(m). By thedefinition of the players beliefsover S_j, then,
H(F) <He(F). So,u<HE. 1

Therequirementhatl; is totally ordereddoesnot imply thatthe resultingbeliefsare
totally ordered,only that all priors are ranked accordingto the “aggressieness”of the
potentialstratayies.

The problemwith the strongmonotonicitycondition“any larger play producelarger
beliefs” (Hopenhayrand Prescott1992)is thatit will not hold underBayesianupdating
unlesspriorsareorderedaccordingto monotondik elihoodratio (Milgrom 1981).

7 Proofs

The proof of Theoreml requirestwo preliminarylemmas.Lemmaz is of someinterest
independendf Theoreml. Both lemmasareusedin the proof of Theorem?2 aswell.

Lemmal LetX bealatticeandA C X asubcompletsublattice Letp € P(X) beproperly
mixed,andsud thatsuppp C A. If A € (0,1) thenp <g (1 —A)p+ Adsupa <g Osupa.

Proof: Let E beanincreasingsubsebf X. SinceA is asubcompletesublattice SupA € A.
Casel. If ENA=0, thenp(E) = dsypa(E) = 0,50 [(1—A) p+ Adsypa] (E) = 0. Case2.
If thereis x € ENA, thenx < supA, sosupA € E, askE is increasing.Thendsypa(E) = 1,
whichimpliesthat

P(E) = (1=N)p(E) +Ap(E) < (1—A)p(E) +A
= (1_)\) p(E) +)\65upA(E) <1l= 6supA(E)-

In eithercasethen,p(E) < [(1—\)p+Adsym] (E) < dsupa(E) for everyincreasingsetE,
S0P <g (1—A)p+ABsupa <g Osupa.

Now we shav that the inequalitiesare strict. Let E = {x€ X : supA < x}. Obsere
thatsupA € E. Sincep is properlymixed, p(E) = p [ENnsupp(p)] < p({supA}) < 1 (see
Remarkl in Section2). Then,

P(E) = (1=N)p(E) +Ap(E) < (1= MN)p(E) +A < 1= Bsupa(E).

S0,p <g (1—A)p+Adsupa <s Osupa- I
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Lemma?2 Letl = (N,{(S,u) :i € N}) bea GSC.Suppose is a PMNE,andthat

supB(yo) <infB((1—-¢)Yo+ quésupB(tpo)) (N
for somee > 0; thenao is unstableto an e-perturbation.

Proof: Let 0 = (1—€)Wo +eWdgypp(yo) - Sincel isaGSC,B is non-empty-subcomplete-
andsublattice-alued. Also, the supportof o is containedn (o). Then,by Lemmal,
Wo <g W <g Wdsyps(yio)-

Let (1, &) be a systemof myopic behaior and monotonebeliefs, with initial beliefs
W. Fix a sequencef realizationsof type profiles(w!, o?,...) = w® € Q®. We will shav
by inductionthat, if the sequence s} with s = &(«f, u(ht=1)) is the realizedplay, then
supB(Wo) < s andp® <4 i for everyt.

First, we will shav that supB(yo) < st andthat € <g p = u(hl). By hypothe-
sis, supB(Wo) < § for all § € B(K°). Then, supB(Wo) < st, as behaior is myopic, so
supsuppo < st. Sinceh! = (0,s!), this implies, by monotonicityof beliefs, that 0 <g
it = p(ht), completingthefirst stepof the proof by induction.

Secondsupposehatfor agivent > 1, p° <g =t = p(ht=1), andsupB(wo) < s for
1=12,...t—1.T isaGSC,sothemapyo — inf3(Po) is monotonencreasingseee.g.
Topkis (1998)). Then,Po <4 WO <g W impliesthat

supB(Wo) < infR(W’) <inf(~h) < &', Wt =5,

Thisinequality andtheinductive hypothesisimply thatp® <g pt* = p(h'), asbeliefsare
weakly monotone.By inductionthen, for everyt, both i andthe copy in belief spaceof
the distribution of w— &(w, h') arelargerthan .

LetW = [1°, Ydsups] “ = {p e W: 10 <4 p}°. By Remark2 of Section2, W is aweak
openneighborhoof Yo in W. We have shovn thatW satisfieghe conditionin the defi-
nition of unstableto ane-perturbation g

Remark: If a stratey profile o is unstableto an e-perturbationfor all € > 0, thenit is
unstable. To seethis, notethatthat (1 — £)o + o’ — Yo ase — 0.8 Then,givena
neighborhood of Yo, thereis € € (0,1) suchthatp® = (1—€)Wo + Yo’ € V. Hencefor

8Sincefor any boundedcontinuousyeal-valuedg, (1—¢) [ gdo +¢ [ gdo’ — [ gdo.
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ary neighborhoodhereis a point |10 suchthat, if the dynamicsstartat I, thenthe state
of thesystemneverliesin aneighborhoodV of Yo. Therefore)earningnever approaches

yo.®

Proof of Theorem 1. Let € > 0, andconsiderary PMNE o in the conditionsof the Theo-
rem. We shallprove thattheinequalityll in Lemmaz2 is satisfied.

Fix i € N andlet i = (1—€)y;0 + e dsypp(yo))- Sinceat leasttwo playersselecta
properly mixed strateyy, Y;o is properlymixed. I' is a GSC,so 3;(f}) is a subcomplete
sublattice andsupp(y;0) C [B(po)] ; because is a Nashequilibrium. Then,Lemmal
impliesthat ;0 <« [.

LetT = {yo,{y}, and ¥ : § x T — R bedefinedoy Ui(s,T) = [g, Ui(S,S-i)dT(s-i).
Hence B;(1) = agmax, s Ui(s, 1) forte T,

We claim that 7 satisfiesthe strict singlecrossingpropertyin (s, T). Lets < § and
supposeli (s, y;0) — Ui(s,P;0) > 0. Sincey;o <g f, to shov that the strict single-
crossingpropertyholds,we mustshow that U (s, ) — Ui(si, ) > 0. Denoteby | : S_j —
R thefunctions_j — [ui(S,s-i) — ui(s,s_i)]. So,forary T € T,

U U0 = [ [uds)-ulss]dis) = [ 1(si)dus).

Now, Ui(s, ) — Ti(s, ) =

(1-€) Js | (s-)do-i(s-i) +& fs 1 (5-i) dBuppyo. (-1
= (1-¢)[U(S, Wo) — U(s, Y;0)] + &l (supB(Ya) ).
Suppose by way of contradiction,that (s, {4) — Ui(s, ) < 0. Then U(s,y;0) —
Ui (s, y;0) > 0impliesthatl (supB(yo)_i) <O.
Note that| is strictly increasingbecausd™ is a GSSC.Thenl(s_j) < 0 for all s_j €
B(wo)_i\ {supB(wo)_i}, asl (supB(wo)—i) < 0. We claimthat
o_i(B(wo)-i\ {supB(Wo)-i}) = 0.
To seethis,notethato_; (B(Wo)—_i\ {supB(Yo)_;}) > 0andl(s_i) < Oforall s_j € B(Yo)_;\ {supB(yo)_i}
imply that
0 > Jo(wo)_i\{sum(po)_i} | (S-1)do-i(si)
> [g,1(s-i)do_i(s-i)
U (#’ l-IJiO-) - ‘Ui(Si,L|Ji0').

%In fact,in our resultsthe copy of thedistribution of w— &(w, u(ht)) in belief spaces notin W eithet
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The first inequality follows from a simpleresultin integrationtheory 10 the secondbe-
causel (supB(wo)_i) < 0 andsuppo_; C B(yo)_i. But this violatesthat Ui (s, y;0) —
U (s, Y;0) > 0, soit mustbethato_;(B(wo)_i\ {supB(yo)_i}) = 0.

But suppo_; C B(wo)_j, aso is a Nashequilibrium. Theno_;(supB(yo)_;) = 1,
which is a contradictionbecausey is properly mixed (seeRemarkl in Section2). This
shawvsthat 7 satisfieghe strict single-crossingproperty

The strict singlecrossingof U; implies, by Milgrom andShannors (1994)Monotone
SelectionTheorem,thatx < X' for every x € f3;(Wo) andX € B;({). ThussupB;(Wwo) <
inf B3; (). Thisis truefor all i, hencetheinequalityll in Lemmaz2 is satisfied.n

Proof of Theorem 2. In Stepl we prove a mini-lemma,which we thenusein Step2 to
prove thetheorem.

STEP 1. Let (W)n>0 beary collectionof beliefsin Wj suchthat ! — i, for some
K € Wi, asn — 0. We shallfirst shav thatthereis fj with thepropertythat,for all n < R, if
Ji is abestresponseo 1! in the n-augmentegyame then fi(w) € (1) for all wy; where
Bi(k) C S isthesetof bestresponseso ; in 0.

Let

k= inf{/&‘ 0i(§,s.i)du(si) —/&_ gi(s,s-i)du(si) :s & Bi(k),5 € Bi(ui)}-

Since§ is finite, k > 0. Let 0 < n’ < k/4 andlet n” > 0 be suchthat, if 0 < n < n”
then| fs . gi(s,s-i)du(s-i) — [s, G (s,s_i)du!(s_i)| < k/4for all § € S, which againis
possiblebecauss is finite. Let = min{n’,n"}.

Lets ¢ Bi(1), § € Bi(4), andn < f. Thegainto playing§ overs in then-augmented
game andin stateoy, is fs  U(§, i, w)dH (s-i) — fs , U (s, 55, o) dp (s—i) =

Jo, Gi(§,s-)di! (1) — Jg , Gi(S,s-i)du (s-i) + N [wi (§) — wi(S)]
> s, 6i(8,5)du(s-i) — Js, 9i(5,5-i)du (s-)
+Js; 9i(§,s-i)dpi(s-i) — Js, Gi(si, s-i)du (s-i)
+Js,Gi(s,8)dK(s i) — fs, Gi(s,S)di} (s i) —2n
> —k/4+k—k/4—2k/4=0.

~

Thefirstinequalityobtainsbecausev (s), wx(5) € [—1, 1], thesecondecause) < 1.

19Theintegral of a strictly negative function over aregion of positive measurés strictly negative.
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We have shawn that, for all n < f}, nomatterthevalueof wj;, ary § € B;(1) is abetter
responsdo ' thanary s ¢ Bi(1). As [ is abestresponseo beliefsyt, thisimpliesthat
(o) € Bi(k) for all .

STEP 2. For eachn, let o' be the distribution of [(«y). Note that, for all n, [ is
abestresponseo beliefsy;o", ando = lim,_,00", as(I', /M) is a purificationsequence
of 0. By Stepl, thereis fj suchthat,if n < fj, then [ (w) € B;(y;0) for all & € Q;. In
particular fi”(oq) < supB; (y;o) for all wy € Q;.

Let ]i” beabestresponseo beliefsv = (1 — €)y;0 + eW;dsypp(yo)» IN then-augmented
game.Beliefsv do not dependon n, soapplyingStepl with u" = v for all n, thereis
suchthat,if n < f then () € B;(v) for all wy. In particular infB;(v) < ["(uy) for all
Y.

Letn = min{A,f}. Repeatingheargumentin the proof of Theoreml, we have that
supB(yo) < infB(v). Then,if n < n, for everyi andw, 6 € Qi, [1(w) < (). By
Lemma2, we aredone.g
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